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Abstract 

We show that the quantum coordinate ring of a semisimple group is a unique 
factorisation domain in the sense of Chatters and Jordan in the case where the 
deformation parameter q is a transcendental element. 
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Introduction 

Throughout this paper, C denotes the field of complex numbers, C* := C\ {0} and q G C* 
is transcendental. 

The notion of a noncommutative noetherian unique factorisation domain (UFD for 
short) has been introduced and studied by Chatters and Jordan in [3J H|. Recently, the 
present authors, together with L Rigal, jllj . have shown that many quantum algebras 
are noetherian UFD. In particular, we have shown that the quantum group O q (SL n ) is a 
noetherian UFD. 

Let G be a connected simply connected complex semisimple algebraic group. Since in 
the classical setting it was shown by Popov, jT2], that the ring of regular functions on G 
is a unique factorisation domain, one can ask if a similar result holds for the quantisation 
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O q (G) of the coordinate ring of G. The aim of this note is to provide a positive answer to 
this question. In order to do this, we use a stratification of the prime spectrum of O q (G) 
that was constructed by Joseph, [Bj. 

1 Quantised enveloping algebras and quantum coor- 
dinate rings 

1.1 Quantised enveloping algebras 

Let q be a complex semisimple Lie algebra of rank n. We denote by ix = {ai, . . . , a n } the 
set of simple roots associated to a triangular decomposition g = n~ © f) © n + . Recall that 
7r is a basis of a euclidean vector space E over R, whose inner product is denoted by ( , ) 
(E is usually denoted by fjjg, in Bourbaki). We denote by W the Weyl group of 53; that 
is, the subgroup of the orthogonal group of E generated by the reflections Si := s ai , for 
i G {1, . . . , n}, with reflecting hyperplanes Hi := {(5 G E \ ((3, c^) = 0}, for i G {1, . . . , n}. 
If w 6 VK, we denote by l{w) its length. Further, we denote by w the longest element 
of W. Throughout this paper, the Coxeter group W will be endowed with the Bruhat 
order that we denote by <. We refer the reader to j8,, Appendix Al] for the definition and 
properties of the Bruhat order. 

We denote by R + the set of positive roots and by R the set of roots. We set Q + : = 
Ncti © • ■ ■ © Na n . We denote by zu 1 , . . . , w n the fundamental weights, by P the Z-lattice 
generated by tui, . . . , w n , and by P + the set of dominant weights. In the sequel, P will 
always be endowed with the following partial order: 

A < fi if and only if /x — A G Q + . 

Finally, we denote by A = (a^) G M n (Z) the Cartan matrix associated to these data. 

Recall that the scalar product of two roots (a, (3) is always an integer. As in pQ, we 
assume that the short roots have length a/2. 

For each i G {1, . . . , n}, set qi := q 2 and 

(gi-gr 1 )---(gr 1 -gi" m )(gr , -gr m ) 
- c 1 ) • • • (% fc - c fc )(ft - c 1 ) • • • (?r fc - % fc - m ) 

for all integers < k < m. By convention, we have 
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We will use the definition of the quantised enveloping algebra given in [I] 1.6.3, 1.6.4]. 
The quantised enveloping algebra U q (g) of g over C associated to the previous data is the 
C-algebra generated by indeterminates Ei, . . . , E n , Fi, . . . , F n , K 1 1 , . . . , K^ 1 subject to the 
following relations: 

KiKj = KjKi K % K~ X = 1 
K t E 3 K^ = </■ I-.) K t F 3 K^ = q 7^ Fj 

K - K~ x 
E F - F E- = 

« - Qi 

and the quantum Serre relations: 

E l-a«-k EjE k = Q ( . ^ ^ 

and 

Note that U q (g) is a Hopf algebra; its comultiplication is defined by 

A(fQ) = K i ®K i A(Ei) = E l ®l + K i ®E l A(F<) = F t ® Kr 1 + 1® F u 
its counit by 

e{Ki) = 1 e(Ei) = e{Fi) = 0, 

and its ant ip ode by 

S(Ki) = Kr 1 S(Ei) = —K~ l Ei S(F) = -F.K,. 

We refer the reader to [7J |H] for more details on this algebra. Further, as usual, 
we denote by U^{g) the subalgebra of U q (g) generated by E 1 , . . . ,E n and by U q {b + ) the 
subalgebra of U q (g) generated by E 1 , . . . , E n , Kf 1 , . . . , K^ 1 . In a similar manner, U~(g) 
is the subalgebra of U q (g) generated by Fi, . . . ,F n and U q (b~) is the subalgebra of U q (g) 
generated by F u . . . , F n , Kf l , K± l . 

1.2 Representation theory of quantised enveloping algebras 

It is well-known that the representation theory of the quantised enveloping algebra U q (g) 
is analogous to the representation theory of the classical enveloping algebra U(g). In this 
section, we collect the properties that will be needed in the rest of the paper. 
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As usual, if M is a left U q (g) -module, we denote its dual by M*. Observe that M* is a 
right U q (g) -module in a natural way. However, by using the antipode of U q (g), this right 
action of U q (g) on M* can be twisted to a left action, so that M* can be viewed as a left 
U q (g)-modu\e. 

Let M be a £/g(fl)-module and m G M. The element m is said to have weight A G P if 
fTj.m = q^'^m for all i G {1, . . . , n.}. For each A G P, set 

M A := {meM i^.m = q {Koil) m for all « G {1, . . . , n}}. 

If M x 7^ then M A is said to be a weight space of M and A is a weight of M. 

It is well-known, see, for example PUE], that, for each dominant weight A G P + , there 
exists a unique (up to isomorphism) simple finite dimensional [/^(g) -module of highest 
weight A that we denote by V(A). In the following proposition, we collect some well-known 
properties of the V(A), for A G P + . We refer the reader to [H especially 1.6.12], [S] and [7j 
for details and proofs. 

Proposition 1.1 Denote by 0(A) the set of those weights \i G P such that V^(A)^ ^ 0. 

1. V(X) = 

2. The weights of V(X) are given by WeyVs character formula. In particular, if fi G 
0(A), then w/j G 0(A) /or a// io G W. 

5. For all w G 14 7 , one has dimcl / (A) u ,A = 1- 

4. v(\y~v(-w \). 

5. The weight w^X is the unique lowest weight ofV(X). 
In particular, for all \i G 0(A), one has wqX < // < A. 

6. 0(A) = {A — wjJL | w G W and \x G P + such that \x < A}. 

For all w G If and A G P + , let u wA denote a nonzero vector of weight wX in V(A). 
Then we denote by V+(X) the Demazure module associated to the pair X,w, that is: 

V+(X) := U+(g)u wX = U q (b + )u wX . 

We also set 

v w( x ) '■= U~(g)u wX = U q (b~)u wX . 

(Observe that these definitions are independent of the choice of u wX because of Proposition 
0(3)0 
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The following result may be well-known; however, we have been unable to locate a 
precise statement. 



Proposition 1.2 1. V+(X) = V(X) = V ld (\). 
2. For all i,j G {!,..., n}, one has 



V(wj) otherwise, 



and 



V{vjj) otherwise. 



Proof. We only prove the assertions corresponding to "positive" Demazure modules, the 
proof for "negative" Demazure modules is similar. 

Since w$\ is the lowest weight of V^(A), we have (g)u Wo \ = V(X); that is, V^(A) = 
V^(A). This proves the first assertion. 

In order to prove the second claim, we distinguish between two cases. 

First, let {1, . . . , n} with i ^ j. Then Si(wj) = vo y Hence, in this case, one has: 

V w sA w i) = Ki^u^s^ = U+(g)u Womj = V+ (wj) = V(wj). 

Next, let j G { 1 , . . . , n}. Then Sj(wj) = zuj — ct r Let /x G VL{vOj) with 7^ Wo^ji and 
let m G V(wj)n be any nonzero element. It follows from the first assertion that there exists 
x G U^(g) such that m = x.u wom .. The element x can be written as a linear combination 
of products E i± . . . E ik , with k G N* and ii, . . . , G {1, . . . , n}. Naturally, one can assume 
that E ix . . . Ei k .u WQZUj 7^ for each such product. Let E it . . . E ik be one of these products. 
Since woir = there exists / G {1, . . . ,n} such that w^a^ = — aj. We will prove that 
/ = j. Indeed, assume that / ^ j. Since E ik .u womj is a nonzero vector of V{wj) of weight 
w Q Wj + a ik , we get that 

WoWj + a ik G Vt{wj). 
Then, we deduce from Proposition II. II that 

SiWq {w vjj + a ik ) G Q(wj), 

that is, 

SiWj + ol\ G Vt{wj). 
Further, since we have assumed that / ^ j, we get SiWj = zuj, so that 

VDj + ol\ G fl(wj). 
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This contradicts the fact that Wj is the highest weight of V{wj). 

Thus, we have just proved that w a ik = —aj for all products E ix . . . E ik that appear 
in x. Now, observe that E ik .u w ^. is a nonzero vector of V{wj) of weight w^Wj + ai k = 
w {wj + w a ik ) = w (ujj - aj) = w SjZOj. Since dim c V(w j ) WoSjmj = 1, we get that 
Ei k .u mmj = au W0Sjmj for a certain nonzero complex number a. Hence we get that 

TTL X ■U W ^ VD ^ ^ ^ *Ei 1 . . . Ei k ■UwQXDj U •H'WQSjVDj i 

where • denote some nonzero complex numbers and y G U^(g). Thus m G V^ QS .{wj). This 
shows that 

As the reverse inclusion is trivial, this finishes the proof. □ 



1.3 Quantised coordinate rings of semisimple groups and their 
prime spectra. 

Let G be a connected, simply connected, semisimple algebraic group over C with Lie 
algebra Lie(G) = g. Since U q (g) is a Hopf algebra, one can define its Hopf dual U q (g)* (see 
[HI 1.4]) via 

U q (g)* := {f G Homc(£/«j(g), C) | / = on some ideal of finite codimension}. 

The quantised coordinate ring O q (G) of G is the subalgebra of U q (g)* generated by the 
coordinate functions c^ v for all A G P + , £ G V(X)* and v G V(A), where c^ v is the element 
of U q (g>)* defined by 

c lv( u "> := for a11 u G U q(s), 

see, for example, jR> Chapter 9]. As usual, if £ G V(X)* and v G V(A)^, we write c^^ 
instead of c^ v . Naturally, this leads to some ambiguity. However, when \i G W.X and 
r\ G W.(— WqX), then dim(l / (A) At ) = 1 = dim(V(A)*), so that this ambiguity is very minor. 

It is well-known that O q (G) is a noetherian domain and a Hopf-subalgebra of U q (g)*, 
see [U |Hj. This latter structure allows us to define the so-called left and right winding 
automorphisms (see, for instance, 1.9.25] or 1.3.5]), and then to obtain an action 
of the torus H := (C*) 2 " on O q {G) (see 5.2]). More precisely, observe that the torus 
H := (C*) n can be identified with Hom(P, C) via: 

h{X) = h^...h^, 
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where h = (h±, . . . , h n ) G H and A = \\Wi + • ■ • + A„tu n with Ai, . . . , A n G Z. Then, it is 
known (see 3.3] or PJ 1.1.18]) that the torus TC acts rationally by C-algebra automor- 
phisms on O q (G) via: 

for all g = {g x ,g 2 ) G H = H x H, A G P+, £ G V(A)* and w G V(A)„. 
(We refer the reader to [IJ II. 2. 6] for the definition of a rational action.) 

As usual, we denote by Spec(O g (G)) the set of prime ideals in O q (G). Recall that 
Joseph has proved |Hj that every prime in O q (G) is completely prime. 

Since 7i acts by automorphisms on O q (G), this induces an action of 7i on the prime 
spectrum of O q (G). As usual, we denote by H-Spec(O q (G)) the set of those primes ideals 
of O q (G) that are H-invariant. This is a finite set since Brown and Goodearl [21 Section 
5] (see also [U II. 4]) have shown using previous results of Joseph that 

H-Spec(O q (G)) = {Q w+ . w _ | (w+,w-.) G W x W) , 

where 

Ql + ■= (4, v I A G P + , v G V(X)\ and £ G (V+ + (\)) L C V(A)*), 
Q-_ := (4 V | A G P + , v G V(A) WoA and £ G (KL 11)0 (A)) ± C V(A)*), 

and 

Qwj r ,w- • Qw+ Qw-' 

Since q is transcendental, it follows from ^01 Theoreme 3] that it is enough to consider the 
fundamental weights in the definition of Q+ + and Q^_- More precisely, we deduce from 
[TIH Theoreme 3] the following result. 

Theorem 1.3 (Joseph) 

W-Spec(0,(G)) = {Q W+)W _ | (w+,w-) eWxW}, 

where 

Ql + ■= (cZ I J e {1, . . . ,n} ; v G V r (tJ7 j ) Wj and £ G (V+^Wj)^ C F(^)*>, 
<2™_ := (C I i G {1, • • • v G V^U^ and $ G OC^fo-)) 1 ^ ^( ro i)*>> 

and 

Qw + ,w- - = Q w+ Qw-- 

Moreover the prime ideals Q W+)W _, for (w + ,W-) G W x W , are pairwise distinct. 
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2 O q (G) is a noetherian UFD. 

In this section, we prove that O q (G) is a noetherian UFD (We refer the reader to [TTl 
Section 1] for the definition of a noetherian UFD; the key point is that each height one 
prime ideal should be generated by a normal element.) In order to do this, we proceed in 
three steps. 

1. First, by using results of Joseph, we show that there exist a finite number of nonzero 
normal ^-eigenvectors r%, .. . , r& of O q (G) such that each (r*i) is (completely) prime, 
and that each nonzero 7i-invariant prime ideal of O q (G) contains one of the This 
property may be thought of as a "weak factoriality" result: O q {G) is an 7Y-UFD in 
the terminology of 

2. Secondly, by using the if-stratification theory of Goodearl and Letzter (see jTJ II]), 
we show that the localisation of O q (G) with respect to the multiplicative system 
generated by the is a noetherian UFD. 

3. Finally, we use a noncommutative analogue of Nagata's Lemma (see [TH Proposition 
1.6]) to prove that O q (G) itself is a noetherian UFD. 

2.1 O q (G) is an ft-UFD 

This aim of this section is two-fold. First, we show that for each i G {1, . . .n}, the ideal 
generated by the normal element (S^ iWoZSJ . or c™^^.^. is (completely) prime and then 
we prove that every nonzero 7i- invariant prime ideal of O q (G) contains either one of the 

c-tnumwi or one of the <%mww 

Lemma 2.1 Let i G {1, . ..n}. Then Q m , Sim = (c^.^ oro .) and Q WoSi , m = (c™^^.) . 
Proof. Recall that 

Qw ,SiW — Q WQ + QsiWQl 

where 

Qto = <<g I je{l,...,n},ve V(w s ) Wi and £ G (Kjfo))" 1 C V(t*i)*>, 

Q7 iW0 = (cZ I 3 e {1, . . . ,n}, v G VfoOw and £ G (KT^)) 1 C V^i)*)- 
Next, it follows from Proposition E2[l) that V^ (tUj) = V{wj) for all j, so that = (0). 
Also, we deduce from Proposition I1.2f 2) that V~{wj) = V{wj) if j ^ i, and V~(wi) = 
®iieQ.{m t )\{m l }V{'Cu, i )^. Hence, 

Q7 i10o = ( c Zv I v G ^Mwo^ and £ e ^M-^). 
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that is, Q SiWo = (c™i itWom ). Therefore Q Wo , Si w = Qt + Q SlWo = (c-^, W0ZUi ) , as desired. 
The second claim of the lemma is obtained in the same way. □ 

Now observe that, in [H|, Joseph uses slighty different conventions for the dual M* of 
a left [7 g (g)-module. Indeed, it is mentioned in [HI 9.1] that the dual M* is viewed with 
its natural right ^(j^-module structure. As a consequence, Joseph's convention for the 
weights of the dual L(X)* of L(X), for A G P + , is not exactly the same as our convention. In 
particular, the elements WQZJ . and c^^. , i G {1, . . . , n}, that appear in [HI Corollary 
9.1.4], correspond to the elements (S^. Wom and c^_ i WQWiVJi in our notation. With this in 
mind, it follows from [HI Corollary 9.1.4] that the elements c™^. worn anc ^ c -w ^- vjo f° r 
i G {1, . . . , n}, are normal in O q (G). Thus we deduce from Lemma 12. II the following result 
which will allow us later to use a noncommutative analogue of Nagata's Lemma in order 
to prove that O q (G) is a noetherian UFD. 

Corollary 2.2 The 2n elements c^i DJ ^ W0VUi and c!^ OT w ., for i G {1, . . . ,n}, are nonzero 
normal elements of O q {G) and they generate pairwise distinct completely prime ideals of 
O q (G). 

Since the c^ uVloVJ . and c™^.^., for i G {1, . . . ,n}, are H-eigenvectors of O q (G), in 
order to prove that O q (G) is an 7Y-UFD in the sense of [TT| Definition 2.7], it only remains 
to prove that every nonzero 7i-invariant prime ideal of O q (G) contains either one of the 
c -U,w -uji or one of the c -w vj %m - This is what we do next. 

Lemma 2.3 Let w = {w + ,wJ) G W x W, with w ^ (w ,Wq). Then Q w contains either 
one of the c^,^., or one of the c™i, om ^.. 

Proof Since w ^ (wo,w ), either w + ^ w , or ^ w . Assume, for instance, that 
iv + 7^ wo, so that there exists i G {1, . . . ,n} such that w + < woSi. One can easily check 
from the definition of Q w that this forces c^ z W0ZUj ^. G Q^ + , so that 

C -wo-oJi,vUi ^ Qw + — Qwj 

as required. □ 

As a consequence of Corollary 12.21 and Lemma \'2.3\ we get the following result. 
Corollary 2.4 O q (G) is anH-UFD. 

Proof. Theorem 11.31 establishes that HS'pec(O q (G)) = \Q W+>W _ \ (w + ,W-) G W x W}. 
Note that Q W+}W _ = precisely when w + = W- = Wo. Thus, Corollary 12 . 21 and Lemma ESI 
show that each nonzero 7-^-prime ideal of O q (G) contains a nonzero 7i-prime of height one 
that is generated by a normal 7i-eigenvector. Thus, O q {G) is an TC-UFD. □ 
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2.2 O q (G) is a noetherian UFD. 

Set T to be the localisation of O q (G) with respect to the multiplicatively closed set gen- 
erated by the normal ^-eigenvectors (S^ iWazn . and c™^^. m , for i G {1, . . . , n}. Then the 
rational action of 7i on O q (G) extends to an action of H, on the localisation T by C-algebra 
automorphisms, since we are localising with respect to 7i-eigenvectors, and this action of 7i 
on T is also rational, by using QjJ II. 2. 7]. The following result is a consequence of Corollary 
12.41 and [TTj Proposition 3.5]. 

Proposition 2.5 The ring T is Ti-simple; that is, the only Ti-ideals ofT are and T. 

We are now in position to show that O q {G) is a noetherian UFD. 
Theorem 2.6 O q (G) is a noetherian UFD. 

Proof. By [TT) Proposition 1.6], it is enough to prove that the localisation T is a noetherian 
UFD. Now, as proved in Proposition 12 .5| T is an 7i-simple ring. Thus, using [!', II. 3. 9], T 
is a noetherian UFD, as required. □ 

As a consequence, we deduce from Theorem 12.61 and jH Theorem 2.4] the following 
result. 

Corollary 2.7 O q {G) is a maximal order. 

The fact that O q (G) is a maximal order can also be proved directly by using a suitable 
localisation of O q (G), [HI Corollary 9.3.10], which is itself a maximal order. 
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